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a b s t r a c t
In this work, we will prove the Dugundji extension theorem for the cone metric space. It is
heavily reliant on the paracompactness of the cone topology that is proved by Ayse Sönmez
in the paper Sönmez (2010) [11].
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In the paper [1], Huang and Zhang defined cone metric spaces by substituting a cone in real Banach spaces for the real
numbers. These authors described the convergence of sequences in this conemetric space and introduced the corresponding
notion of completeness. They also proved some fixed point theorems for contractive mappings on complete cone metric
spaces. Some developments of this topic can be found in theworks [2–5], etc. In the papers [4,6], the authors have introduced
the topological properties for the cone metric spaces. Note that the topology in cone metric spaces is certainly generated by
the conemetric. In [7], Du showed that from each conemetric one can get the usual metric by using a scalarization function.
Thus the topologies of cone metric spaces and usual metric spaces are equivalent to some extent. However, there are some
works on cone metric spaces in which Du’s method is not applicable (see [8]).
The Dugundji extension theorem plays an important role in the topological theory (see [9,10]). It states that every
continuous map from a closed subset A of the metric space X into a locally convex space Y can be continuously extended to
X . Note that the well-known Tietze extension theorem is a consequence of the Dugundji extension theorem. The aim of this
work is to prove the Dugundji extension theorem for cone metric spaces.
2. Preliminaries
We begin this section by recalling some concepts.
Definition 2.1. Let E be a real Banach space and P a subset of E. P is called a cone if and only if
(i) P is closed, non-empty, and P ≠ {0};
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax+ by ∈ P;
(iii) x ∈ P and−x ∈ P ⇒ x = 0.
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x ≤ y if and only if x − y ∈ P . We shall write
x < y to indicate that x ≤ y but x ≠ y, while x ≪ ywill stand for x− y ∈ int P; int P denotes the interior of P .
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The cone P is normal if there is a K ≥ 1 such that for all x, y ∈ E,
0 ≤ x ≤ y implies ‖x‖ ≤ K‖y‖.
The least positive number satisfying the above is called the normal constant of P .
The cone P is called regular if every increasing sequence which is bounded from above is convergent. That is, if {xn}n is a
sequence such that
x1 ≤ x2 ≤ · · · ≤ xn ≤ · · · ≤ y
for some y ∈ E then there is x ∈ E such that ‖xn − x‖ → 0 as n →∞. We can prove that every regular cone is normal. The
cone P is called minihedral if sup{x, y} exists for all x, y ∈ E, and strongly minihedral if every subset of E which is bounded
from above has a supremum. It is easy to check that every strongly minihedral normal cone is regular.
In the following we suppose that E is a Banach space, P is a cone in E with int P ≠ ∅ and ≤ is a partial ordering with
respect to P .
Definition 2.2 ([1]). Let X be a non-empty set. Suppose that d : X × X → E satisfies
(d1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z)+ d(z, y) for all x, y ∈ X .
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
It is obvious that the cone metric spaces generalize metric spaces.
Definition 2.3 ([1]). Let (X, d) be a cone metric space and {xn} a sequence in X . Then
(1) {xn} converges to x ∈ X if for every c ∈ E, with 0≪ c , there is n0 ∈ N such that for all n ≥ n0,
d(xn, x) < c.
We denote this by limn→∞ xn = x or xn → x (n →∞).
(2) If for any c ∈ E with 0≪ c , there is a number n0 ∈ N such that for allm, n ≥ n0,
d(xn, xm) < c
then {xn} is called a Cauchy sequence in X .
(3) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.
Example 2.4 ([1]). Let E = R2, P = {(x, y) ∈ R2 : x, y ≥ 0} and X = R. Suppose d : X × X → E is defined by
d(x, y) = (|x− y|, α|x− y|),
where α > 0 is a constant. It is easy to check that (X, d) is a complete cone metric space.
Some other examples on cone metric spaces can be found in [1,5], etc. The following properties of the convergence in
cone metric spaces can be found in [1].
Proposition 2.5 ([1]). Let (X, d) be a cone metric space, P be a normal cone with normal constant K and {xn} be a sequence in
X. Then
(1) {xn} converges to x if and only if d(xn, x)→ 0 as n →∞.
(2) If {xn} converges to x and {xn} converges to y then x = y.
(3) {xn} is a Cauchy sequence if and only if d(xm, xn)→ 0 as m, n →∞.
In the papers [4,6], the authors proved that any conemetric space is a topological space. More precisely, if (X, d) is a cone
metric space with normal cone P then the family
B = {N(x, c) : x ∈ X, 0≪ c},
is a sub-basis for a topology on X , where N(x, c) = {y ∈ X : d(x, y) ≪ c}. In the other words, the topology of X is
included in the cone metric. Moreover, the cone topology is a Hausdorff topology. In particular, in [11], the authors proved
the paracompactness of the cone topology. We will have to use this result in proving our result.
In [11], the distance between the set A and the singleton {x} is defined as follows:
d(x, A) = inf{d(x, a) : a ∈ A}.
Note that if (X, d) is a cone metric space with normal cone P then d(x, A) is well defined. Some basis properties of d(x, A)
can be found in [11]. If the cone P is strongly minihedral then the function d(x, A) is meaningful. In particular, the function
d(x, A) is lower semicontinuous. This concept was proposed by Abdeljawad and Karapinar in [2] and applied to prove an
extension of the result of Caristi.
For more basic material on cone topology, cone metric spaces and their application, we refer the readers to [2,1,8,4].
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3. The main results
We need the following concept for the proof of our results.
Definition 3.1. Let X be a cone metric space and G ⊂ X . The open cover U = {Uα}α∈I of G is called normal for X if the
following conditions are satisfied:
(1) U is locally finite.
(2) For each a ∈ X \ G and a neighborhood Va of a in X , there is a neighborhoodWa of a in X such that if Uα ∩Wa ≠ ∅ then
Uα ⊂ Va.
The following lemma claims the existence of a normal cover of an open set in a cone metric space.
Lemma 3.2. Let X be a cone metric space. If G ⊂ X is open then there is a normal cover of G for X.
Proof. If G = X then the proof is trivial. If G ≠ X then X \ G is a closed non-empty set. For each x ∈ G, applying
Lemma 2 in [11], we have 0 ≪ d(x, X \ G) := dx. Set Kx = {y ∈ X : d(x, y) ≪ dx2 }. Thus K = {Kx}x∈G is an open
cover of G. By the paracompactness of X (see [11]), we can get a locally finite open refinement U of K . Now, we shall
show that U is normal for X . Suppose that Va is an open neighborhood of a ∈ X \ G. Then, we have 0 ≪ c such that
N(a, c) = {y ∈ X : d(a, y) ≪ c} ⊂ Va. Consider Wa = N(x, c3 ). Suppose that Wa ∩ Uα ≠ ∅. We need show that Uα ⊂ Va.
Indeed, sinceU is a refinement ofK , we can seek y ∈ G such that Uα ⊂ Ky. This implies that
d(a, y) ≤ d(a, x)+ d(x, y)
for x ∈ Wa ∩ Uα ≠ ∅. Since x ∈ Uα ⊂ Ky we infer that
d(x, y)≪ dy
2
≪ d(y, a)
2
.
It follows that
d(a, y) ≤ d(a, x)+ d(x, y)≪ d(a, x)+ d(y, a)
2
.
Hence d(a, y)≪ 2d(a, x)≪ 2c3 . Now, for every z ∈ Uα ⊂ Ky we have
d(a, z) ≤ d(a, y)+ d(y, z)≪ 2c
3
+ dy
2
≪ 2c
3
+ d(a, y)
2
≪ 2c
3
+ c
3
= c.
It follows that z ∈ N(a, c) and Uα ⊂ Va. The lemma is proved. 
The following theorem is the main result of this work.
Theorem 3.3. Let X be a cone metric space with the normal cone P and Y be a locally convex space. Suppose that A is a closed
subset of X and f : A → Y is a continuous map. Then there is a continuous map f˜ : X → Y such that f˜ |A = f .
Proof. Since A is closed, X \ A is open. Applying Lemma 3.2, we get a normal cover G = {Gα}α∈I of X \ A for X . In addition,
since X is paracompact, we get that {τα}α is a partition of unity on X \ A for the cover G (see [12]). For each Gα ∈ G, we fix
xα ∈ Gα and aα ∈ A such that
d(xα, aα)≪ 2d(xα, A).
Let f˜ be a function defined by
f˜ (x) =
f (x) if x ∈ A−
α∈I
τα(x)f (aα) if x ∈ X \ A.
We shall show that f˜ is continuous. Indeed, since G is a locally finite cover of X \ A, we infer that for each p ∈ X \ A there
exists an open neighborhood U of p such that U only meets a finite number of the Gα1 , . . . ,Gαn in G. It follows that if x ∈ U
then
f˜ (x) =
n−
i=1
ταi(x)f (aαi).
Since ταi(x) is continuous, we can deduce that f˜ is continuous on X \ A. By the fact that f is continuous on A, we have that
f˜ is continuous on the interior of A. To finish the proof, we claim that f˜ is continuous at p ∈ A ∩ X \ A. Suppose that V is
an open neighborhood of f˜ (p) = f (p) in Y . Since Y is a locally convex space, we can assume that V is a convex set. By the
hypothesis that f is continuous in A, we can find 0≪ c such that
f (A ∩ N(p, c)) ⊂ V .
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Now, since G is normal for X , we can seek a neighborhood U0 of p such that if Gα ∩ U0 ≠ ∅ then Gα ⊂ N(p, c3 ). For each
aα, xα that were chosen, we have
d(p, aα) ≤ d(p, xα)+ d(xα, aα)≪ c3 + 2d(xα, A)≪ c.
This implies that f˜ (x) = f (x) ∈ V for all x ∈ A ∩ U0. For each x ∈ (X \ A) ∩ U0, there are αx1, . . . , αxn such that x belongs to
Gαxi for every i = 1, . . . , n and x ∉ Gα , for all α ≠ αxi for every i = 1, . . . , n. It follows that ταxi (x) > 0 for all i = 1, . . . , n
and τα(x) = 0 for the other α. Hence
f˜ (x) =
n−
i=1
ταxi
(x)f (aαxi ).
Since x ∈ Gαxi ∩ U0, we infer that f (aαxi ) ∈ V . By the fact that V is convex, we can conclude that f˜ (x) ∈ V . Thus f˜ (U0) ⊂ V .
The theorem is proved. 
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